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A solution is found for the temperature distribution in a semi-infinite 
rod with damped oscillations of temperatuxe on its surface, allowing 
for heat transfer with the surrounding medium. Some special eases - 
no damping, no heat transfer-are examined. 

P rob lems  of heat conduction of a solid body with a 
per iodical ly  varying surface  t empera tu re  a re  a ma t t e r  
of g rea t  pract ica l  interest .  They are  encountered in 
exper imenta l  determinat ion of t he rma l  conductivity, 
in calculation of the per iodical ly  varying t e m p e r a -  
tu res  on the walls of internal  combustion engine cy-  
l inders ,  and so on [1]. 

Cars law and J a e g e r  [1] have solved the p rob lems  
of t empe ra tu r e  oscil lat ions in a semi- inf ini te  solid 
whose surface  t empera tu re  is a harmonic  function of 
t ime.  The presen t  pape r  examines the more  general  
case  of propagat ion of t empera tu re  osci l lat ions in a 
rod with damped surface  t empera tu re  oscil lat ions.  

We shall  examine a semi- inf ini te  rod with a c r o s s -  
sectional a rea  so smal l  that the t empera tu re  is uni- 
fo rm throughout the section. Thus,  the prob lem re~ 
duces to one of l inear  heat  flow. On the la tera l  walls 
of the rod there  is heat t r an s f e r  with the medium at 
zero  t empera tu re .  At the rod surface  (x = 0) there  
a re  damped t empe ra tu r e  osci l lat ions of the type 

8 (0, t) = 8o exp (-- kt) cos (mt + a). (1) 

The equation for  the t empe ra tu r e  distribution in 
the rod will have the fo rm 

0 e (x, t) O ~ e (x, t) a [5t5 (x, t), (9.) 
Ot Ox" 

where 

[~ = HP/p cS. 

The boundary conditions a re  

8(x, O) = O, 

,~(0, t).-~oexp(--kt)cos(o~l +a), (3) 

~ ( ~  t) = 0.  

We shall  solve this p rob lem using Duhamel ' s  theo-  
r em;  if the t empera tu re  distr ibution in the body, F(x, 
t) is known when the surface  t empera tu re  is unity, then 
the t e m p e r a t u r e  distr ibution in the case  in which the 
sur face  t e m p e r a t u r e  is ~0(t) is given by 

t ; o 
tt(x, t ) =  q~(~,) --~ F(x, t--~.)dL. (4) 

1; 

According to [2], for  the given problem 

==_ 1 x)  - -  F(x, l ) ~ - [ e x p ( - - l / -  ~ eric ( 
x ) 

2 V~a) --1/-~- + 

- - +  v )J, (5) 

where 

e f f c u = l - - e r [ u ~  1 2 ,i  exp (-- Z-) dz. 
1/~- 

0 

Determining (0/0t) F(x, t -  X) and substituting it in 
(4), we obtain, af ter  some t rans format ions ,  

X 

t 

(x, t) = 8o i exp (-- k k) cos (~ok + ~) • 
o 

2 l / ~ a ( t _ k )  ~ exp 4af t - - )0  ~(t--)~) dL.(6) 

Introducing the new var iab le  of integration 

W = x/21/a (t --k), 

we find 

8(x, t )=8  o 2 - e x p ( - - k f )  f exp[ kx" 
l ' ; n -  ~ 4a~ ~" 

x 

2 V ~  

4ab t2 bt 2 cos r 2 4 7  4 ~ ) d ~ = ,  

=8o  2 exp(--kt)  ; R(x, t,l~)d[x. 
x 

2 V ~  

(7) 

We write (7) in the fo rm 

(x,  0 = 8 1 ( x ,  t) - -  ~ (x,  t), (8) 

where 

2 
9~(x, t) = #o - -  exp(-- kt) J R(x, t, u) d~, (9) 

0 

x 

O~(x, /).~0o 2 exp(--k/)  l R(x, t,~3d~t. (10) 
tl 
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It may  be seen f r o m  c o m p a r i s o n  of (9) and (10) 
that as t ime i n c r e a s e s ,  d 2(x, t) d e c r e a s e s  much  
f a s t e r  than 4 l(x, t), and we shall  t he re fo re  neglect  
the contr ibut ion of this  t e r m  to the total  t e m p e r a t u r e  
4 (x, t) in what follows.  

Using the re la t ions  given in [3], 

= 

, exp - -  P~zt~ ~ /22 J s i n  

0 

-- 2r exp [--2rscos(A _4- B)I..~i, .... IA + 2rssin(A +B)], 

where  

r c ~ 4-p~, s = Y  b ~+q~, 

c ~ 1 ardg - - ,  A =  arctg~-~, B =  2 q~ 

we f inal ly obtain 

O,(x,t)=Ooexp[--kl |lax V ( ~ _ k ) ~ + ~ o ~ X  

•  -~  a r c t g ~  • 

5< cos o~ t + a - -  i.<_-- ~- 

s l t r 17 (11) 

We shall  examine  some specia l  cases .  Fo r  s teady 
osc i l l a t ions  of the rod sur face  t e m p e r a t u r e  (k = 0) we 
have 

X ~2 ~(x, ,O=eoexp  - ~ - Y  + ( , ? - cos  arctg ~< 

x /  C 0 5  ,,9.71 @ - 1 2  - -  - - ~  - ~ - .  
i \  l / ( : /  

With fl = O, i.e., in the ease of damped oscillations 
at the surface of an infinite solid, we obtain 

O(x ,  l ) = ~ o e x p  - - l e t - -  Va 

x ~/F k ~ , "' .(13) i / ~ .  --~ o) ~ �9 ~in ~rct~ ~-  

When k = 0 and /~ = 0, fo rmula  (1I) goes over  to 
the fo rmu la  obtained in [1], fo r  the p ropaga t ion  of 
heat  in a semi - in f in i t e  sol id whose su r face  t e m p e r a -  
tu re  is an h a r m o n i c  funct ion of t ime.  

We shal l  l is t  the m o s t  impor tan t  p r o p e r t i e s  of the 
solut ion of  (11) obtained:  

1) The amplitude of the t e m p e r a t u r e  osc i l la t ions  
d e c r e a s e s  with inc reas ing  depth x accord ing  to the 
law 

F x "V co " 
e x p  [ 

L e. , the timewise damping of the temperature affects 

its damping with depth. From this it may also be 
seen that the higher the frequency o~, the faster the 

amplitude diminishes. 

7zx L 

F- / \'~ \ 

Dependence of dimensionless tempera- 
ture d/~0 on dimensionless time [or 

steady temperature oscillations (k = 0) 

--dashed curves, and in the presence 
of damping (k = 0.5 see-i) - solid 
curves, on the dimensionless distance 

from the ends of the rod ~ = x coa = 
0 (I), ~/2 (2) and ~ (3). 

2) The phase of the temperature wave lags accord- 
ing to the law 

=_ (~ -- k) e + ~02 �9 sin arctg 
/ a 

This lag i nc rea se  with inc reas ing  w. 
As an i l lus t ra t ion  we have cons t ruc t ed  a g raph  of 

the dependence of ~/~0 on * = wt (see f igure) .  The 
t he rmophys i ca l  cons tants  of the m e t a l  rods  w e r e  
chosen  accord ing  to  [4], while the t e m p e r a t u r e  o sc i l -  
la t ion f requency  w was  1 sec -1. Es t ima t ing  the c r o s s -  
sec t ional  a r e a  of the me ta l  rod  at 10 -~ m ~, we obtain 
fo r  the coefficient/~ a value of the o r d e r  10 -~ sec  -1, 
which may  be neglec ted  in c o m p a r i s o n  with the damp~ 
ing coeff ic ient  k. We note that ,  with the above choice  
of t h e r m o p h y s i c a l  cons tan t s ,  only fo r  rods  with a 
c r o s s - s e c t i o n a l  a r e a  of S ~ 1.0 -7 m 2 and l e s s ,  does the 
effect  of heat  t r a n s f e r  with the sur rounding  med ium 
have an irdauence on the t e m p e r a t u r e  d is t r ibut ion .  
Thus ,  in a r a t h e r  wide in te rva l  of the t h e r m o p h y s i c a l  
and dynamic  p a r a m e t e r s  appear ing  in the solut ion 
(11) obtained,  the h e a t - t r a n s f e r  coeff ic ient  8 ma y  be 
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neglected, which simplifies the calculations consider-  
ably. 

Notation 

,5 (x, t ) - - temperature  at points at  a distance x from 
the end surface of the rod at time t; k-- temperature 
wave damping coefficient; ~0--oscillation frequency; 
S--cross-sect ional  area of rod; P- -per imeter  of sec-  
tion; p--density; c--specific heat; H--heat t ransfer  
coefficient; a- - thermal  diffusivity. 
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